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The MTF based on the double-weighted Cu-Cl vector
gave the correct position of the Cu atom and the
trivial peak at (rc,—rc)/2 as top peaks.
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Abstract

An idea due to D. Rogers [ Computing Methods in
Crystallography (1965), edited by J. S. Rollett, pp.
117-148.Oxford: Pergamon Press]hasbeen developed
and implemented. The method is an advantageous
alternative to Wilson plot or K-curve scaling of
intensity data. On the relative experimental scale the
structure factor can be written in matrix notation
as  F(h)=k™'Y; f(h) exp (2mih"x;) exp (~h"b;h);
and the squared structure-factor magnitude can
be written as |F(h)]>?=k?exp(—2h"bh){¥, 7+
2% Yisififk exp [2mih T (x; —x,)]}, if a common, or
average, anisotropic temperature factor is factored
out of the atomic summations. The f; summation
corresponds to the Patterson origin peak, and the ff;
double summation to the off-origin Patterson peaks.
A trivariate Gaussian density function, P(u) — P, =
po exp (—u” pu), is fitted by least squares to the origin
peak from a Patterson synthesis with coefficients
| F|Zcas/ Y f; - Fourier inversion of the fitted Gaussian
gives the scale and thermal parameters, k’=
(detp)/?/(7*?V ey Po) and b= (7*/2)p~". The fit of
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the parameter P, is constrained by the condition
that P, = — F(000)*/(k* V., ¥; Z}), and thus only p,
and the six coefficients p; (i<j=1, 2, 3) are indepen-
dent parameters.

Background

One of the first steps in an X-ray crystal structure
analysis is the estimation of the scale and overall
temperature factor for the diffraction intensities. Over
the years, several methods for doing this have been
devised (Rogers, 1965, 1980; Levy, Thiessen & Brown,
1970; Ladd, 1978; Giacovazzo, 1980; Subramanian
& Hall, 1982; Hall & Subramanian, 1982).

The Wilson plot

The widely employed method of Wilson (1942)
takes advantage of the cosine form of the product of
the structure factor with its complex conjugate
(Patterson, 1935). In matrix notation,

F(h) =Y f(s) exp (- B;s*) exp 2@ih"x;), (1)
7
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where s =(sin 8)/A and j=1,2,..., n atoms per unit
cell, and

|F0)P =5 f2 exp (~2B;s?)
+2 Z kz_fjfk exp [—(B;+ By)s’]

x cos [27h T (x; —x;)]. )

The form of (1) and (2) assumes that the atomic
thermal vibrational displacements are isotropic. If it
is further assumed that the individual atomic thermal
parameters B; can be fairly approximated by a com-
mon or average B, and if the scale factor k for the
relative measurements of |F(h)|* is explicitly noted,
then (2) becomes

k2| Fneas = €xp (—ZBSZ){foH L XL Sk

X COS [27rhT(xj —Xk)]} .

If this is averaged in shells of s, the sum in cosine
terms goes to zero, and one obtains

<IF| meas/ € Zf}> = k> exp (-2B(s%),
J s (3)
In <|Flfms/e fo»> =-21n k-2B(s?,

which provides estimates of k and B from the inter-
cept and slope of a plot of the logarithms of the
shell-averaged normalized intensities against the
averaged (sin 9)%

The quantity £ =¢(h) in (3) is a projection sym-
metry multiplier® that is introduced to account for
the enhanced average intensity in certain zones and
rows due to superposition of symmetry-equivalent
atoms in projection. For general reflections € =1, and
for special reflections € =2, 3, 4, 6, 8, or 12 (Iwasaki
& Ito, 1977). For example, € =2 for h0! and 0kO
reflections in the monoclinic point group 2/ m.

The K curve

Karle & Hauptman (1953) devised a composite
scale and temperature factor function,

K(s)= < sz(s)/lFlf.,eas> =k exp (2B(s?)),

for estimating normalized structure factor ampli-
tudes, |E(h)|=[|F(h)|2../ K(s)]"? The extrapo-
lated value of K at s =0 gives the scale factor, but
no explicit evaluation of the temperature factor is
needed to estimate the |E| values.

* Rogers (1965, p. 129; 1980) uses the symbol p and the Welsh
word pwys (plural pwysau) meaning power, strength, weight, or
importance.

SCALE AND OVERALL ANISOTROPIC TEMPERATURE FACTORS

Anisotropic extension of the Wilson plot

Maslen (1967) devised an approximate method to
allow for thermal anisotropy by means of a second
series of Wilson plots against the Miller index prod-
ucts h?, k%, I?, hk, kI, hl following a scaling of the
intensities from a first Wilson plot against s

Least-squares refinement method

Very recently, Sheriff & Hendrickson (1987) pub-
lished a straightforward method for estimating the
scale and overall anisotropic thermal parameters. In
effect, they use

F(h) = k™2 exp (—2hTbh) ¥ £(s)

for a least-squares minimization of
XZ =% (IFI?‘I\CQS— Fgalc)z/az(lFlrzneas)

by fitting k and bY (i<j=1,2,3) for a ‘composite
atom’ at x=(0,0,0) with ‘atomic scattering factor’
2 f3(s). The authors report significant improvements
in the refinement of macromolecular structure models
when the overall thermal anisotropy is introduced.
Essentially the same method was reported by Levy,
Thiessen & Brown (1970), who were faced with the
problem of estimating |E| values for a structure for
which the thermal attenuation of the diffraction
intensities was severely anisotropic.®

Rogers analysis

Rogers (1965) emphasized the correspondence
between the terms in the expression for the squared
structure-factor magnitude and the peaks in the
Patterson function. Allowing for Gaussian distri-
butions of atomic thermal vibrational displacements
(Johnson & Levy, 1974), we obtain

F(h) =Y f(h) exp (2mih"x; —~hTb;h), (4)

and, if

g(h) =f;(h) exp (~h"b;h),
[F =T g/+2T T ggw exp[2mih” (x,~x)].

>j
If this is substituted into the Patterson function,

P(u)= V'Y |F(h)|> exp (-27ihTu),

* The work of Levy, Thiessen & Brown (1970) was called to our
attention by one of the referees, who reports that the method was
adopted in his laboratory and has been in routine use there for
about 15 years with excellent results.
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one obtains

Pw=V'Y (Z gf) exp (—2mih"u)

tve 2{22 L 88

Jj k>j
x exp [27ih" (x; —x, —u)]} .

The terms in g; give the contribution of | F(h)|” to the
Patterson origin peak, and the g;g, terms give the
contribution to the off-origin Patterson peaks. Fourier
inversion of the origin peak,

Py(u)=V7'y (Z g,z) exp (—2wih"u),

gives the expectation of the squared structure-factor
magnitude,

(F(h)* =X g} (h) =V [ Py(u) exp (27ih"u) d*u.

Implementation of the Rogers analysis

We have written a program to compute a sharpened
Patterson density,

_ 1 = |FMh)P —2mihTu):
P(u) = Vcell_zh: fo(h) exp (—2wihTu); 5)

fit a trivariate Gaussian density function,

Po(u) = py exp (—u”pu), (6)

around u = 0; and calculate the Fourier inverse of this
origin peak,

<IF(h)I2
Zf,(h)

+00

> Veen J' Py(u) exp (27ih"u) d*u.

-0

The form of P(u) given in (5) is not the same as an
| E|? Patterson, which would have an additional factor
k™2 exp [-2Bs*(h)] in the denominator of the sharp-
ened coefficients. The Gaussian form of Py(u) given
in (6) follows by analogy with (3), assuming a com-
mon or average anisotropic thermal vibration tensor
b, i.e.,, for |F(h)| on the relative experimental scale,

|F(h)|2>_ 2 (T
<Zf 2(h) =k exp (—2h" bh). (7)

This is a Gaussian, and, therefore, so is its Fourier
transform Py(u).

In practice, the cosine forms of the Patterson func-
tion and its inverse are used. That is, since |F(—h)| =

+00 +00 400 IF( )|2

Ln Lk lefj(h)

‘/cell —®© -

P(u)= cos (27hTu);

and since P(—u)= P(u),
(FMF/Z b))

+00 +00 +00

=2Ve | | [ Po(u) cos 27hTu) du dov dw.
0 —c0 —co
If we substitute the Gaussian [(6)] for Py(u), this
becomes

+00 +00 +00

<|F(h)|2/2ff(h)>=2vceupo j j j ¢Xp (_“TP“)

0 —o© —©
x cos (2ah"u) du dov dw.

The standard form
[ exp (—a’x?) cos mx dx
(1]

=[#"?/(2a)] exp [-m’/(2a)’]
gives

(F)*/Z fi(h)) = "> Veen [po/ (det p)'/?]

xexp (—7*h"p~'h), (8)

and it follows from (7) that
k?= (det p)'/?/ (7 *Veenpo) and b= (7*/2)p™". (9)

The Patterson density is calculated on a hemi-
spherlcal polar coordinate §r1d around the origin
usmg coefficients | F|Z.cas/ Y.;f; - The radius of the grid
is a user-selected multiple, typlcally 2-5, of the half-
height radius of the origin peak, determined as
described below. With 25 r-divisions at 30° 8 and ¢
intervals the grid contains 1+25+25X12x3=926
grid points.

The Gaussian density function must be fitted to an
adjusted origin peak (Fig. 1),

Po(u) = Ppin = po €XP (_“TP“),

Pmin= _F(OOO)Z/( k2 Vcell z Zf)
J

accounts for the omitted F(000) term in the Patter-
son-Fourier summation.

Starting values for P;,, po and the six p; (i=j=
1,2, 3) are obtained from the minimum and maximum
values and the half-height radii of the Patterson
densities calculated along the a, b and ¢ axes out to
a user-selected radius, typically 2-0 A, at intervals of
1/50 of the radius. The chances ofmcludmg off-origin
interatomic peaks within the radius of the origin peak

where

(10)
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fit (Fig. 2) are somewhat reduced by the increasing
sparseness of the polar coordinate grid with increas-
ing radius. To deal with peaks that are included, any
grid points with

P(u) - Pmin<0'5 Po
and
P(ll) - Pmin-—p() eXp (_“TPU)> 20,

where o is the root-mean-square deviation of fit of
the parameters P, po and p;, are down-weighted
to a relative weight of 0-1 in the iterative least-squares
refinement of the parameters. In this way, a minimum-
profile origin peak fit is obtained (Rogers, 1965,
p. 144), as indicated in Fig. 2. The fit of the parameter
P, is constrained by (10).

Test calculations

We have tested our program against a number of
structures recently studied in our institute. The struc-
tures, space groups and unit-cell contents are listed
in Table 1. The overall thermal vibration tensors in
the form of mean-square displacement parameters,

UY=b%/(2ma* a¥),

are listed in Table 2, and the scale factors and thermal
parameters contracted to equivalent isotropic scalars,

Uiso = (1/677'2) Z z a;. ajb‘j,
LI}

Uiso = (uz)iso = Biso/ (8772)9

are listed in Table 3, along with the normalized root-
mean-square deviation of fit for the anisotropic
Gaussian origin peak.

All the data sets of Tables 1-3, except the mono-
clinic pL-biotin and the insulin data, were subjected
to either a Wilson plot or K-curve scaling at the start
of the structure analyses so that, ideally, the refined
scale factors should be unity. When the CAB520,

P(u)
Prnax
— 770
° \ ’
Fnin F—————=—=—-=7 --

Fig. 1. Schematic illustration of a Patterson origin peak showing
the half-height peak radius and the P, value corresponding
to equation (10). At P=(P;,+ P...)/2, u=1-1770, where o
is the variance of a Gaussian peak function centered at u =0,
P(u)= Pmin+ (Pmax_ Pmin) €xXp (_“2/2‘72)-
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tetrahymanol, and pressinoic acid data were first
scaled, the structures were not known to contain
solvent of crystallization, so it is reasonable that their
scale factors should refine to smaller values. Table 3
shows that in most cases the Rogers method gave
better estimates of the scale factors than did the
routinely applied customary methods. Presumably
this is because the fit to the Patterson origin peak
achieves a separation or smoothing of the non-
random interatomic vectors (Rogers, 1965, pp. 140-
148; 1980, pp. 83-85) that is equivalent to the effect
of the Debye radial distribution curve as employed
by Main (1976) to utilize known molecular structure
information in the scaling process.

The triple entries in Tables 2 and 3 give, first, the
a priori estimate from the Rogers analysis, then two
differently weighted averages over the unit cell of the
a posteriori atomic thermal parameters from the con-
verged least-squares structure refinements. The
second entry is weighted by the atomic masses, which
seem reasonable for estimation of overall mean-
square vibrational displacements. The third entry is
weighted by the squared atomic numbers, which
reflect the atomic scattering cross sections for X-rays.
The results indicate that there is little to choose
between the two kinds of averaging.

Table 2 shows that the Rogers method does quite
well at getting the relative anisotropy of the overall
thermal parameters about right. With the exception
of the CAB610 structure, which turned out to have
rotationally disordered trifluoromethyl groups, the
agreement between the a priori and a posteriori
anisotropic thermal parameters is best for the calcium
channel blocker structures and the urea-phosphoric
acid structure. These have smaller mole fractions of
hydrogen than the other structures, and it appears
that the equivalent anisotropic components of the
refined isotropic thermal parameters for the hydrogen
atoms noticeably bias the thermal-parameter
averages. This effect is compounded in the cases of
pressinoic acid and the valinomycin analogs, for
which hydrogen atoms were included in the structure
models at fixed calculated positions with fixed esti-
mated thermal parameters, and for which anisotropic

(P(W-Prin] / (Pmax=Pmin)

05 ¢

0

Fig. 2. Schematic illustration of the superposition of a Patterson
origin peak and an off-origin interatomic peak.
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Table 1. Test data sets

Space group

Urea-phosphoric acid Pbca
DL-Biotin structures
monoclinic P2,/n
triclinic P1
Calcium channel blockers
CAB611 C2/c
CAB610 : P2/c
CABS520 P2/c
CAB438 P2,2,2,
Tetrahymanol P2,
Pressinoic acid P2,
Valinomycin analogs
ILED P2,2,2,
F4 P2,2,2,
Insulins
‘4-zin¢’ porcine insulin
dmin = 1-50A R3
‘4-zinc’ human insulin
dpin=185A R3
monoclinic human insulin
dpin=2-25A P2,

Unit cell contents
8CH,N,O;P

4C,3H,,N,0,8
2C,3H3,N;055.0-5C4H, 5

8Cl SHI4N307
4Clél-lISFBNZC)d
8C,,H,,CIFNO,.0-25C4H,,
4(:l‘)l-l20b12()6
4C;3H,,0.0-5H,0
2C33Hy;Ng0,0S,.4-5H,0

4CgoH,0:N6Oyg

4CgoH,0;N6O 15
9Cs12H762Clo.22N1300152512Z00.85.~339H,0
9Cs14H766Clo.22N1300154812Z00.55.(196 + ~143)H,0

2C1542H2208N3900462536Z102.~ 1434H,0

Table 2. Overall anisotropic temperature factor coefficients (A?)
F(h) = Fy(h) exp (27 Y, ¥, hhja*'a* UY).

The three values given are respectively the Rogers estimate, atomic-mass-weighted average of structure refined values, and squared-atomic-

number-weighted average of structure refined values.

U, Uy,

Urea.H3PO4 0-026 0-028

0-031 0-035

0-028 0-032

Mon.DL-B 0-069 0-058

0-057 0-045

0-058 0-045

Tri.DL-B 0-071 0-076

0-063 0-065

0-060 0-064

CABé611 0-071 0-084

0-073 0-085

0-075 0-088

CAB610 0-086 0-057

0-116 0-090

0-123 0-094

CABS20 0-080 0-074

0-077 0-073

0-078 0-073

CAB438 0-056 0-071

0-059 0-070

0-060 0-072

Thym. 0052 0-062

0-046 0-055

0-045 0-054

Press. 0-068 0-063

0-052 0-042

0-053 0-042

Val.ILED 0-079 0-084

0-088 0-092

0-088 0-090

Val.F4 0-125 0-124

0-150 0-149

0-143 0-144
4Zn-P.Ins. 0-29 0-29
4Zn-H.Ins. 0-38 0-38
Mon.H.Ins. 0-58 0-53

thermal parameters could not be fitted for disordered
water molecules of crystallization or disordered side-
chain carbon atoms.

For the CAB610 structure, with the disordered tri-
fluoromethyl groups, the Patterson origin peak gave

U33 UlZ U13 U23
0-022 0 0 0
0-026 0 0 0
0-024 0 0 0
0-060 0 0-010 0
0-048 0 0-012 0
0-049 0 0-011 0
0-053 0-021 -0-0037 0-0009
0-055 0-008 0-0002 0-0037
0-051 0-010 0-0001 0-0016
0-093 0 0-018 0
0-092 0 0-016 0
0-093 0 0-017 0
0-049 0 0-016 0
0-080 0 0-009 0
0-085 0 0-006 0
0-091 0 0-036 0
0-085 0 0-034 0
0-086 0 0-035 0
0-043 0 0 0
0-045 0 0 0
0-044 0 0 0
0-049 0 ~-0-008 0
0-040 0 ~-0-0006 0
0-038 0 —0-002 0
0-093 0 0-025 0
0-072 0 0-021 0
0-074 0 0-023 0
0-084 0 0 0
0-092 0 0 0
0-091 0 0 0
0-145 0 0 0
0-161 0 0 0
0-157 0 0 0
0-35 0-14 0 0
0-53 0-19 0 0
0-60 0 0-26 0

scale and thermal parameters that were apparently
biased towards the ordered part of the structure. This
suggests that for a heavy-atom structure, such as an
organometallic compound, the results would be
biased towards the heavy atom to the extent that it
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Table 3. Scale factors, equivalent isotropic mean-
square displacements (A?) and agreement-of-fit indices
for the anisotropic Gaussian peaks

R ={X w[P(u)— Po(u)}’/L wP(u)’}""%.

Values are listed in the order Rogers estimate/atomic-mass-
weighted average of structure refined values/squared-atomic-
number-weighted average of structure refined values.

k % error*® (U0 R
Urea . H3PO4 1-11 -1 0-0252 0-020
1-12 =11 0-0304
0-0280
Mon.DL-B 4-51 -12 0-0625 0-018
5-14 0-0503
0-0508
Tri.DL-B 1-49 ~13 0-0664 0-026
1-73 -42 0-0609
0-0585
CAB611 0-996 -9 0-0825 0-031
1-:090 -8 0-0834
0-0852
CAB610 0-945 13 0-0639 0-026
0-837 19 0-0955
0-1010
CABS520 0-933 -6 0-0819 0-015
0-990 1 0-0784
0-0789
CAB438 0-773 -5 0-0567 0-031
0-816 23 0-0583
0-0587
Thym. 0-835 8 0-0544 0-042
0-912 10 0-0472
0-0457
Press. 0-733 =21 0-0744 0-028
0-931 7 0-0556
0-0564
Val.ILED 0-895 -0-1 0-0825 0-012
0-896 12 0-0905
0-0895
Val.F4 0-757 -7 0-132 0-031
0-811 23 0-153
0-148
4Zn-P. Ins. 1-30 0-308 0-008
4Zn-H.Ins. 0-370 12 0-434 0-014
0-331 0-422
Mon.H.Ins. 0-207 93 0-56 0-012
0-107 0-35

* The first value listed under ‘% error’ for each entry is the percentage
difference between the Rogers estimate of the scale factor and the structure
refined value, and the second value is the percentage difference between
unity and the structure-refined value.

dominates the scattering. The estimates would also
be biased by uncorrected anisotropic absorption in
strongly absorbing crystals.

Anisotropic thermal parameters are not yet avail-
able from the refinements of the insulin structures
listed in the tables, but according to the experience
of Sheriff & Hendrickson (1987), the introduction of
thermal anisotropy estimates from Table 2 should
improve the insulin structure models considerably.
The overall thermal parameters for the insulin crystals
(Tables 2 and 3) parallel the data-set resolution (Table
1), which, in turn, parallels the attenuation of the
higher-angle X-ray scattering by the thermal motion
and disorder in the crystals. The differences between
the estimated and refined scale factors for the human

SCALE AND OVERALL ANISOTROPIC TEMPERATURE FACTORS

insulin crystals (Table 3) reflect approximately the
proportion of disordered side-chain and solvent
structure not yet included in the structure models.
When the very-low-angle data with (sin 8)/A <
0-0625 A™' (d >8 A) were omitted from the Patter-
son-Fourier summation, and the water of crystalliz-
ation was omitted from ¥, f7, the Rogers estimates
for the monoclinic human insulin data were much
closer to the refined values for the partial structure
model. We have also seen that, not surprisingly, the
analysis of the Patterson origin peak is unreliable
when only a partial low-resolution data set is avail-
able. The data should extend to the scattering-angle
radius at which the scattered intensity becomes
experimentally insignificant owing to the thermal
motion or disorder.

For all the examples listed in the tables, the
Gaussian peak was fitted out to a radius of 2-5 half-
height radii, with the points outside one half-height
radius weighted as described above. The radius of fit
was less than 1-25 A for all but the Val.F4 and insulin
crystals, for which the radii were 1-5, 2-4, 3-0, and
314, respectively. In these latter cases, off-origin
interatomic C-C, C-N and C-O peaks certainly fell
within the radius of fit, and to a greater or lesser
extent, depending on the effectiveness of the weight-
ing, biased the results. The general effect should be
to broaden and shorten the fitted Gaussian peak. This,
in turn, would give an inverse Gaussian too narrow
and tall, and would bias both the thermal parameters
and the scale factor to values that are too large [see
e.g. (7)]. To test for significant bias, the calculations
for the Val.F4 and insulin data sets were repeated,
restricting the radius of fit to one half-height radius.
The results changed by at most a few percent, indicat-
ing that our simple scheme to down-weight the off-
origin peaks works surprisingly well.

Two applications that we had in mind at the start
of this work still remain to be pursued. The
anisotropic Rogers expectation values for | F|* can be
used to advantage in the Bayesian processing of weak
high-angle diffraction data (French & Wilson, 1978),
and in the estimation of experimental | E| values for
direct methods of structure determination. The overall
anisotropic thermal parameters also provide the basis
for an anisotropic thermal diffuse scattering correc-
tion that would not require that the elastic constants
of the crystal be known (Blessing, 1987).

A listing of our Fortran program (~1000 lines of
code) has been deposited as supplementary publica-
tion material.* A machine-readable copy of the pro-
gram is available from the authors on request.

* This listing has been deposited with the British Library Docu-
ment Supply Centre as Supplementary Publication No. SUP44936
(36 pp.). Copies may be obtained through The Executive Secretary,
International Union of Crystallography, 5 Abbey Square, Chester
CH1 2HU, England.
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Abstract

A direct algebraic method is discussed which enume-
rates subgroups of index four and six of three-
dimensional space groups, and the four- and six-
coloured space groups. There are three types of
four-coloured space groups, since the lattice can be
one-, two- or four-coloured, and four types of six-
coloured space groups, since the lattice can be one-,
two-, three- or six-coloured.

Notations

G Groupe ponctuel ordinaire.

H Sous-groupe invariant de G.

G,(Gy) Groupe ponctuel a quatre (six) couleurs,
isomorphe de G.

G, Groupe d’espace ordinaire, de classe G.

T Réseau de G..

TH(Ty) Réseau a quatre (six) couleurs,
isomorphe de T.

T, Réseau des translations monocolores de
T, ou Tg.

H, Sous-groupe invariant de G,, d’indice 4
ou 6.
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G.,(G.) Groupe d’espace a quatre ou six

couleurs, isomorphe de G..

Introduction

Les groupes d’espace & deux couleurs, ou groupes
magnétiques, et a trois couleurs sont bien connus
(Opechowski & Guccione, 1965; Harker, 1981). Les
groupes d’espace a quatre et six couleurs ont été
moins étudiés (Jarratt & Schwarzenberger, 1980;
Sénéchal, 1983; Roth, 1985). Un cas particulier intér-
essant est celui ou les permutations des quatre ou six
couleurs associées aux opérations géométriques sont
cycliques: les groupes ponctuels colorés correspon-
dants ont été énumérés a partir des représentations
cycliques des groupes ponctuels ordinaires (Inden-
bom, Belov & Neronova, 1960; Niggli & Wondrat-
schek, 1960); les réseaux colorés ont été énumérés
par Zamorzaev (1969); la méthode des représenta-
tions cycliques a été étendue aux groupes d’espace
(Koptsik & Kuzhukeev, 1973).

Nous discutons dans cet article une méthode algé-
brique directe de recherche des groupes d’espace a
quatre et six couleurs, équivalente a la méthode des
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